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Abstract: We use a simple model of particle shape to investigate how particle asymmetry 
affects particle-surface interaction, orientation, and stochastic dynamics over a planar surface. 
With this geometric model, we construct potential energy curves as a function of particle 
orientation relative to the surface, and identify the potential energy minimum for particles of 
various shapes ranging from symmetric (sphere) to asymmetric (oval-shaped). The calculated 
difference between particle centroid position and potential energy minimum location is used to 
define an offset, which is useful for comparison with experimental particle trajectories. For 
asymmetric particles the potential energy minimum location is decoupled from the center of the 
particle long-axis. Based on these observations, we construct a Brownian motion model of a 
rigid rotor with one end fixed to the planar surface. In the case of asymmetric particles, the 
resulting stochastic trajectories exhibit passive circular Brownian motion, thus providing one 
possible microscopic mechanism for the stochastic dynamics of fluorescence upconversion 
nanoparticles near a surface previously reported by us.  
 
1. Introduction  
Within the context of biophysical and molecular biology, fluorescence upconversion 
nanoparticles (UCNP) have the potential to enable characterization of microrheological 
properties in over a broad dynamic range and at high spatial resolution with optical microscopy 
and laser tweezers[1-3]. Thus, with the goal of exploring novel applications of UCNP in 
biophysical investigations, we have recently reported our experiments and simulations of 
stochastic dynamics of fluorescence upconversion nanoparticles (UCNPs) in the presence of 
thermal, harmonic, optical and non-conservative forces[4,5]. In references [4,5], the UCNP 
were characterized by high-resolution scanning electron microscopy, x-ray diffraction, dynamic 
light scattering, and zeta potential measurements. On average, the UCNP particles exhibited 
spheroidal shape with 600 nm size and +20 mV zeta potential. Single UCNP measurements 
were performed by fluorescence upconversion micro-spectroscopy and optical trapping. The 
mean-squared displacement (MSD) from single UCNP exhibited a time dependent diffusion 
coefficient, which we compared to Brownian dynamics simulations of a viscoelastic model of 
harmonically bound spheres. Moreover, experimental time-dependent two-dimensional 
trajectories of individual UCNP revealed correlated circular Brownian motion of individual 
nanoparticles. These trajectories were compared with stochastic trajectories calculated using 
the above viscoelastic model in the presence of a nonconservative rotational force field. 
Although rotational Brownian motion has been reported previously in various setting [6-14], 
our work described in [4,5] highlighted the complex interplay of UCNP shape, adhesion and 
thermal fluctuations that led to rich stochastic dynamics of these nanoparticles.  
We sought to investigate whether nanoparticle orientation over the substrate could help us 
understand our experimental results reported in [4,5]. We consider oval-shaped asymmetric 
particles whose cross-section can be described by two axes (Figure 1)[15,16]. At equilibrium, 
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the major axis symmetric objects such as an ellipse will be parallel to the surface, whereas the 
major axis in oval-shaped objects will be oriented at a finite small angle with respect to the 
surface in order to minimize the overall system free energy. For the same reason, the minor axis 
will be collinear with the vertical axis for an ellipse and tilted with respect to the vertical axis 
for oval-shaped objects. Furthermore, such orientation of major and minor axis with respect to 
horizontal and vertical planes will increase as the particle asymmetry increases.  
Based on this hypothesis, we have determined particle parameters that would allow us to explore 
the role of nanoparticle asymmetry in determining its orientation over a planar surface. We 
calculate potential energy with respect to the surface, and define the particle orientation to be 
that which minimizes potential energy. The minimum potential energy particle orientation is 
used to construct a rotational Brownian motor model. The resulting trajectories highlight 
circular motion in the case of rotation by fixed, rigid bodies. The calculated trajectories are 
consistent with the trajectories observed experimentally [4,5].  
  
Figure 1: Particle orientation relative to planar surface as a function of shape. (A) Top 
half path curve calculated using equation (1) with λ  =1.39 and T = 0.79. Inset: 3D view of 
the particle with the same parameters. (B) Normalized potential energy as a function of 
orientation relative to the surface. "offset" indicates the difference between potential 
energy minimum and particle centroid. (C) Offset across the λ -T parameter space 
investigated herein. The inset shows particle shapes calculated using (λ ,T) at the locations 
specified in the text, and the black dashed line indicates the range of parameter chosen 
for further analysis.  
  
2. Materials and Methods  
To model the particle shape, we employ the equation of a path curve for the top half of an oval-
shaped particle sized to a unit circle [15,16]:  
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Three-dimensional solid bodies were constructed by applying rotational matrix transformation 
around the particle major axis. We determine particle centroid by the density weighted 
arithmetic average assuming homogeneous particles with uniform density. Potential energies 
are calculated using the above equation since cross-sections suffice to determine particle 
orientation over the planar surface (Similar conclusions are reached when calculating the 
potential energy assuming a solid body with homogeneous density and uniform sampling – not 
shown). We treat the path curve as a discrete and homogeneous distribution with constant 
charge density such that the total potential energy at the planar surface at any given point is the 
sum of energies due to each discrete portion. The potential energy calculation is repeated for 
2000 particle orientations relative to the planar surface. The closest distance between particle 
to the surface - consistent with the definition of Zeta potential - is kept constant for different 
particle orientations and shapes such that a direct comparison between systems can be made.  
The orientation space explored ranges from base (rounded end) to tip (pointed end). The 
equilibrium configuration is that which minimizes the potential energy of the system. We define 
the offset to be the difference between the equilibrium configuration corresponding to the 
potential energy minimum and the center of mass position (see Figure 1B for an example λ = 
1.39 and T = 0.79). Figure 1C is a plot of such offset as a function of the (,T) parameter range 
mentioned above.  
We model two-dimensional Brownian motion of a rigid body by solving the Langevin equation 
of motion for a freely rotating particle using [17]:  
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where  is the particle orientation, m is the particle mass,  is the friction coefficient, F(t) is a 
random force with zero mean and variance given by the corresponding fluctuation dissipation 
relation:  
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where kB is Boltzmann's constant.  
 
3. Results and discussion  
Figure 1A(inset) shows a 3D model of the asymmetric particle calculated using equation as 
described in Materials and Methods with T = 0.79 and λ  = 1.39. Figure 1A(main) shows the 
path curve for the particle top half calculated using T = 0.79 and λ  = 1.39. As shown in Figure 
1A (main and inset), this choice of parameters illustrate particle asymmetry, whereby the center 
of mass coincides with the geometric center (the body is assumed to be homogeneous) yet the 
orthogonal minor axis is offset from long axis mean (set to zero in this work). Spherical, 
ellipsoidal and oval-shaped particles can be calculated by varying these two parameters while 
maintaining the major axis length fixed, as shown in the inset of Figure 1C. Thus, we can study 
the effect of particle asymmetry on its preferred orientation when deposited over a substrate.  
Although particle shape calculation was performed using arbitrary units, experimentally, the 
UCNP particles described in [4,5] were 600 nm in size (hydrodynamic diameter). From the 
Stokes-Einstein-Debye equation for rotational Brownian motion in water at room temperature, 
elongated particles with 600 nm long axis length exhibit rotational diffusion times of nearly 200 
ms and thus so-called "circling frequency" of 5 Hz [6]. Near planar surfaces and including 
electrostatic attraction, rotational dynamics ought to slow further. Thus, assuming the shaped 
objects shown in Figure 1 have characteristic length scales as the UCNP particles and that the 
measured Zeta potential (+20 mV) is on the order kBT at room temperature, we expect to 
observe circular Brownian motion as in references [4,5].  
The potential energies were calculated by describing both particle and the surface as sets of 
point charges, as described in the Materials and Methods section, assuming the particle is 
positively charged (Zeta potential = +20 mV) and negatively charged planar surface (pKa of 
silanol groups found in optical microscope cover slip range from 4.5 to 7). By varying the 
relative orientation of the particle with respect to the surface, we calculate the potential energy 
curve, as shown in Figure 1B for λ  = 1.39 and T = 0.79. The difference between potential energy 
minimum position and the geometric center is termed offset and reflects the stable nanoparticle 
orientation that maximizes its attraction towards the planar surface. Although particle 
orientation relative to the surface is a simple and intuitive concept, we prefer to use the term 
“offset” as it corresponds to the observable quantity in quantitative optical microscopy centroid-
based particle tracking algorithms.   
  
Figure 2. Energetics and Brownian motion of asymmetric particles adhered to planar 
surface. (A) Potential energy as a function of orientation for different particle shapes 
along the dashed line shown in Figure 1C. (B) Circular Brownian motion of 
twodimensional rigid rotor fixed to a surface at the potential energy minimum. Simulation 
parameters: particle size = 1 μm; T = 300 K; viscosity η = 0.001 N s / m2  
Symmetric particles such as sphere (λ  = 1 and T = 1) and ellipse (for example, λ  = 1 and T = 
0.9) have zero offset; thus, geometric center and potential energy minimum position are the 
same as expected. On the other hand, the offset between potential energy minimum and the 
geometric center increases as the particle asymmetry increases. For example, in the case of λ  = 
1.39 and T = 0.79 (as in Figure 1A), the offset is x = 0.01 unit length; in this case, the minimum 
energy configuration corresponds to the particle oriented with respect to the planar surface at 
an angle of approximately 5o degrees, which is typical of average oval-shaped objects (e.g. bird 
eggs [15,16]).   
As shown in Figure 2A, depending on the specific parameters λ  and T, the offset can be zero 
or as large as half the particle long axis length, which is consistent with our experimental 
observations [4,5]. The parameter set chosen for potential energy calculation shown in Figure 
2A follows the dashed line in Figure 1C. Thus, Figure 2A shows potential energies particle 
shape ranging from symmetric to asymmetric. In particular, for ellipsoidal-like shapes (T = 0.9 
/ λ  = 0.8 and T = 0.7 / λ  = 0.6), the particles are oriented such that the major axis is parallel to 
the planar surface, the potential energy minimum is located near the long axis center (x = 0). 
On the other hand, as particle asymmetry increases (T = 0.6 / λ  = 0.5; T = 0.55 / λ  = 0.4; T = 
0.5 /  λ  = 0.3 and T = 0.25 / λ  = 0.25 in Figure 2A), the particle major axis orientation is tilted 
relative to the planar surface. As a result, the potential energy minimum is located farther from 
the long axis center as the particle asymmetry increases.   
Assuming the particle is weakly bound to the surface (due to an interplay of thermal and 
electrostatic forces) at the potential energy minimum, the distance between the potential energy 
minimum shown in Figure 2A and the long axis center can be used to define a projection of the 
long axis on the planar surface. Thus, we model stochastic dynamics of the asymmetric particles 
described here as Brownian motion of a rigid rotor in the rotating frame, as discussed in the 
Materials and Methods section. This model assumes the particle is bound more strongly to the 
surface at the potential energy minimum. Given the asymmetric particle shape, particle-surface 
interactions are weaker away from the potential energy minimum. The combination of particle 
asymmetry, stronger adhesion at the minimum and thermal forces is thus described as a rigid 
Brownian rotor with one end fixed to the surface. Figure 2B shows the calculated two-
dimensional trajectories for an offset of 1.0, which corresponds to the parameter range λ = 0.25 
and T = 0.1 – 0.7 (see Figure 1C).  The inset shows the calculated trajectory projected onto the 
X-Y plane. We note that the simulation results shown in Figure 2B do not include rotational 
force field terms as in our previous work. Thus, we believe the model presented here provides 
a reasonable microscopic basis for the circular Brownian motion observed in references [4,5]. 
On the other hand, in the case of more symmetric particles such that the offset is smaller than 
the spatial resolution of the optical microscope (i.e., less than ~ 0.5 μm), then the particle 
trajectories might be modelled by the viscoelastic model described previously.  
  
4. Conclusions  
  
We use a simple model of particle shape to investigate how particle asymmetry affects particle-
surface interaction, orientation, and stochastic dynamics over a planar surface. With this 
geometric model, we construct potential energy curves as a function of particle orientation 
relative to the surface, and identify the potential energy minimum for particles of various shapes 
ranging from symmetric (sphere) to asymmetric (oval-shaped). The calculated difference 
between particle centroid position and potential energy minimum location is used to define an 
offset, which is useful for comparison with experimental particle trajectories. For asymmetric 
particles the potential energy minimum location is decoupled from the center of the particle 
long-axis. Based on these observations, we construct a Brownian motion model of a rigid rotor 
with one end fixed to the planar surface. In the case of asymmetric particles, the resulting 
stochastic trajectories exhibit passive circular Brownian motion, thus providing one possible 
microscopic mechanism for the stochastic dynamics of fluorescence upconversion 
nanoparticles near a surface previously reported by us.  
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